A microscopic theory of a single hydrogen center embedded in a magnesium crystal is presented. Starting with a many-particle Schrödinger equation, an adiabatic decoupling yields in an electronic system a protonic system and a host lattice system. The storage energy is defined to consist of an electronic part and lattice contributions. The electronic problem is treated with the help of a special energy difference procedure developed by Wahl et al. This procedure is applied in a higher approximation to calculate the electronic energy difference eigenvalue between a metal crystal with and without a hydrogen impurity. The lattice problem is treated in the classical harmonic approximation.
Introduction
A world wide shortage of energy is leading to a growth of interest in a hydrogen energy economy. Hydrogen is available in practically unlimited quantities, and it is in many points of views an ideal source of energy. Besides the production of hydrogen one of the main problems is the storage of hydrogen. For stationary purposes or for energy storage in vehicles, metal hydrides become more and more interesting.
There is a lot of experimental and technical knowledge of hydrogen storage in metal hydrides [1] . But the theoretical understanding is not complete. The group of Wahl is interested in a better theoretical understanding of metal hydrides. A theory is proposed which is mostly based only on a few first principles [2] . Supposing a model of noninteracting hydrogen interstitials at low concentration, we treat a single hydrogen impurity stored on a tetrahedral interstitial in an infinite magnesium crystal [3] .
Starting with a many-particle Schrödinger equation for a host crystal with stored hydrogen, a twofold adiabatic approximation separates the problem of calculating the heat of solution into three problems, containing the energy change in the electronic, in the protonic and in the ionic subsystem. the coupling of these three subsystems determines the order of solving these problems.
The treatment of the electronic problem is done with a special field theoretical energy difference procedure developed by Wahl based on the New-TammDancoff Method. A detailed description of the formalism is given in [2] . A higher order approximation of this procedure is applied for this problem.
Proton and ions are treated as classical particles, and thermally induced movements are neglected. The total heat of solution is calculated dependent on the equilibrium positions of the relaxed host ions. An equilibrium investigation between the perturbation forces and the lattice forces results in the actually realized displacements of the host ions in the neighbourhood of the hydrogen impurity.
Model
To calculate the storage energy of a metal hydride, we introduce the following systems, which are shown schematically in Figure 1 .
Initial System: A pure unperturbated host system and outside of the crystal a single hydrogen atom. Reference System: A host system deformed by virtual Kanzaki forces and outside of the crystal a single hydrogen atom. Hydride System: A host system with a single hydrogen atom inside the crystal.
Let £,, E R , and E H be the total energy of the corresponding systems.
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Hydride System
The time independent many-particle Schrödinger equation for a crystal with an interstitial hydrogen centre is
HhVh(x,Y,X)=EhVh{X,Y,X),
where x represents the electronic coordinates, Y the coordinates of the diluted proton and X the coordinates of the metal ions. The hamiltonian H H is divided in a part including all electronical interactions (Ha protonical part (Hft) and a lattice part (H") (2.4) , and (2.5) describe the interactions of the p-th electron, the additional proton in the lattice, and the n'-th lattice ion with the crystal lattice. m e , m p , m n are the masses of the electron, the proton and the n-th lattice ion.
For f H we make a product ansatz 6) and with (2.2) we get
F% and F y are coupling terms describing the interactions of the subsystems. They represent the feedback of the electron movement to the proton and of the proton movement to the lattice.
Reference System
For calculating reasons we introduce a reference system with a hydrogen atom outside of the crystal but with the same positions of the lattice ions as in the hydride system. For this system the Schrödinger equation is
(2.8) with H R = H^ + HZ (2.9) and 2 (2-10)
With the help of a product ansatz for f R , The mobilitv of the electrons compared with that of the proton and the nuclei is very high. Furthermore, interstitial protons are very mobile compared with the nuclei. This is the motivation for us to apply an adiabatic approximation (Born-Oppenheimer approximation) in two steps. Neglecting the coupling terms F y and F^ for the hydride system the following three subsystems result:
(2.14)
Protonic System:
Equation for the Lattice Subsystem:
In the electronic equation (2.14) the position of the proton Y and the positions of the lattice ions X are treated as parameters, i.e. the electronic state has to be calculated as a function of the instantaneous positions of the proton and the lattice ions. The electronic eigenvalue of (2.14) plays the role of an additional potential in the protonic system (2.15), where the lattice positions X are treated as parameters. The protonic eigenvalue is an additional potential in the lattice equation (2.16) . Treating the reference system in the same manner and neglecting F~ we get the subsystems:
Electronic Subsystem:
(2.17)
These systems can be solved successively. In the following we neglect proton movement and lattice vibrations. The proton is considered to be in the centre of an ideal tetrahedron built by the next neighbours of the diluted hydrogen proton. The unperturbed host lattice is considered as an ideal hep -lattice of an infinite magnesium crystal.
Definition of the Storage Energy
The storage energy of a metal hydrogen system is defined as the difference between the energy of an unperturbed host crystal plus the ground state energy of one hydrogen atom (£ 0 = -13.6 eV) outside of the crystal and the ground state energy of a crystal storing a hydrogen centre. Let U 0 be the energy of the ideal crystal. Then the energy of the initial system is E,= U 0 + E 0 , (2.19) and the energy of the reference system is
A Uyj is the contribution of the distortion energy. The ground state energy of the crystal with diluted hydrogen is therefore
Q is the energy of the interactions of the additional electron, the proton and the lattice ions and can be split up into the interaction V P between the proton and the lattice ions and in a term co:=£h-£ R, (2.22) describing the total electronic energy difference between the reference and the hydride system:
Now the storage energy can be written as
Note that the storage energy AE stor is depending on the ionic displacement field s = (..., s",...), the coordinates X of the unperturbed lattice and the relaxed lattice positions X = (..., (A™ + $"),...). The calculation of the actually realized lattice positions X, respectively the displacement s is done in Chapter 4. So long the lattice displacements are taken as parameters.
The Electronic Problem
To get the storage energy, the electronic problem has to be treated first. The electronic contribution of the storage energy will be determined dependent on the lattice displacements in this chapter. The calculation of the electronic energy difference co is done with a method introduced by Tamm [4] and Dancoff [5] , which was later modified by Dyson [6] . This method was also applied in elementary particle physics [7] . Wahl et al. modified and adapted the method according the quantum field theory of Haken [8] to get a model for the description of metal hydrides [2] , To use this field quantum theoretical formalism we define creation operators iJ/* and destruction operators in a Fock space J 1^ with the anticommutation relations H (x, is the one particle interaction 2m e m .i containing the kinetic energy and the electron-ion interaction. The two particle interaction
is equivalent to the solution of the following equation in the form of a linear eigenvalue problem
is describing the Coulomb potential of the electronelectron interaction, and the potential 
which split up the momentum space in occupied and unoccupied states, we get the following relations for the difference co of the eigenvalues of (3.8) and (3.9) (see also 
and
(3.6) (3.7)
|x-x | = -VV^S.U^^W,*') (3-26) I*-* I |x-x I
In these terms D (x, x') is the Hartree-Fock operator Instead of solving (3.10) we get the same result by 
The convergence In principle it is possible to compute from the coupled equations (3.50) approximate J, J' states in the hydride and in the reference system. For this purpose we start with the equation with the highest indices of n, i.e. n = M, n' = M'. The wave function h" ,n is inverted with respect to lower order wave functions. The result is inserted in the next lower order wave function and the method is repeated until a one particle equation for is achieved. In a first step we treat the system in the lowest possible approximation. For the zeroth order approximation the cut off conditions to (3.47) are M = 0 and M' = 0. In a second step a higher order approximation calculation is done with M = 1 and M' = 1.
Zeroth Order Approximation
In a zeroth order approximation with the conditions M = 0 and M' = 0 one single eigenvalue equation is to be solved, With (3.49) and (3.11) we get
where C is the trace term of (3.42) and D (x, x', X) is the Hartree-Fock operator (3.41). The last term in D represents the exchange energy. (3.52) is a Hartree-Fock equation for an electron in a distorted lattice and an orthogonalized wave function h onto the valence band. C diverges, but in the total energy balance it will be exactly compensated by the interaction of the proton and the lattice ions, co is also divergent in an infinite lattice. In the following we combine co and C to the finite term a = co -C.
(3.53)
For the calculation it will be an advantage to split up the Hartree-Fock operator into two terms, the first describing the interaction of an electron with the lattice ions in the positions of an ideal lattice and the second term the difference potential V D (JC, x', Ä) which contains the influence of the lattice distortion
Now the following equation has to be solved: lead separately to divergent energy terms. Therefore they are combined to a common potential
without divergence. Using the density The difference potential V D is evaluated using the assumption that only the next four neighbours are radially displaced by the interstitial hydrogen atom. The amount of the displacements s will be the same for all four neighbours
With this assumption A is parameterized by the displacement s, A = A (s) resp. co = co (s).
A Higher Order Approximation
In this section a higher order approximation of the electronic problem is examined. The cut off conditions for (3.50) now are M = 1 and M' = 1. These conditions are interpreted as one particle-hole pair in the hydride and one in the reference system. When looking only at correlations produced by one additional particle-hole pair, treating only three-particle correlations (3.50) is reduced to the system of equations with the detailed form h 00 + B The equations are coupled with the eigenvalue co and with the one-particle function h 00 (3.51) and the threeparticle functions h 01 and h 10 . It is interesting to see the structure of the coupled equations: The zeroth order problem (3.51) is included in the first of the equations of the higher order approximation problem. 
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• | ^Hr> (3.66) with the interpretation of [2] we have a wave function of a state with the charge of the additional hydrogen electron in the hydride system and an electron-hole pair, whereas the function
belongs to a state of the charge of the additional electron in the hydride system and an electron-hole pair in the reference system. In nature there will be naturally no interaction between the additional hydrogen electron in the hydride system and the electron-hole pair in the reference system, as these two systems are totally separated. This effect we see also in the possibility to anticommutate the creation operator w + S 1 of the hydrogen electron in the hydride system and the particle-hole pair t; + Sf • w + S 0 of the reference system. As a consequence of this, the three-particle wave function could be written as the product of the additional hydrogen electron in the hydride system and the electron-hole pair of the reference system.
Reduction to One Equation
The matrix elements are again calculated via (3.49). The form is taken from (3.13)-(3.20). Besides of (3.51), ßoi (see (3.77)) and B\£ (see (3.83 and for R of (3.77) we get, using some anti-commutation relations, Using the inversion operator G 10 of (ßjo -coll) we get in a similar way with neglecting some terms belonging to an exchange interaction [3] For the electron gas approximation we approximate the Bloch functions of the ideal lattice with plan waves anc i instead of summation we use integration Therefore the contribution of the reference system is Gpdp-fp - 
Using the limits of the series 
VAPi-Pz)-
The effective potentials can be compared with the description of perturbation electron-electron interaction or with screening theory of impurities in solids, x acts as a dielectric function screening long range interactions of the Coulomb potential. By the way, x depends on the searched eigenvalue /.(cu), so hat the screening depends on the still to be determined electronical energy.
The main difference from the well known Lindhard theory of screening [10] is that our x will not lead to Friedel oscillations of the effective potential F eff (r 
115) (3.116) In contrast to the Thomas Fermi theory it is not justified to approximate the screening effects in our theory with Yukawa potentials for V eff .
Numerical Solution
In a first step the zeroth order problem is solved. For this purpose (3.55) is multiplied from the right and left side with development functions to transform the equation in a matrix eigenvalue problem. This problem is solved numerically. The calculated result is shown in Fig. 2 as a dotted line.
For the higher order approximation (3.76) is also transformed into a matrix eigenvalue problem. The integration are done as far as possible analytically. Altogether the integrals can be solved analytically down to twofold and threefold integrations. The remaining integrations are solved numerically. As these matrix elements depend on the searched eigenvalue X, the process to solve (3.76) is done iteratively: as an approximation for X we use X0 of the zeroth order approximation in the matrixelements describing the influence of the higher order contributions. The resulting Xx after diagonalisation is used as a new approximation for the matrix elements, and so on. This procedure is continued until convergence for X is reached. The results are shown as a solid line in Figure 2. 
Lattice Static
The storage energy AE stor (2.24) still depends on the proton position Y and the lattice coordinates X. To calculate the storage energy the realized lattice distortion must first be determined. The equilibrium position X = X+s between the perturbation force
and the lattice force
is contained in (4.3).
Lattice Forces
Since the lattice distortion (4.1) is small in general, the harmonic approximation can be applied for the lattice forces for the displaced ions. This leads to
with the tensor of the force constants The force constants A™ n describe the forces of an ion m in the direction i if the ion n is displaced in the direction k by one unit.
If A U is known, srf can be determined. The calculation is done in [13] .
Perturbation Forces
To calculate perturbation forces, the interaction Q d is the distance of the proton to the ideal lattice position of one of the next neighbours (centre of the tetrahedron to one corner). The electronic value X has to be multiplied with assuming equivalent displacements for all four next neighbours. n l are unit vectors parallel to the forces, e.g. from the centre to the corner of a tetrahedron. The vectors G k were calculated in [13] . They are colinear, and this agrees with our approximation of radial displacements. To calculate the distortion we use the scalar form of (4.12) The interstitial hydrogen is a point defect in the metallic crystal. The resulting displacement field s alters the volume of the crystal by an amount A V. The calculated volume change is [3] AV= 3.09 Ä 3 (using only the results of the zeroth order approximation of the electronic problem, we get Whereas the experimental value is AV= 2.93 Ä 3 [14] , The difference between our theoretical result and the experimental value is not significant.
Storage Energy
All values needed to calculate the storage energy AE stor (X,y)=E7^e The term independent of the displacement is evaluated together with the second term of (5.1). We get the separate contributions to the storage energy To compare the calculated storage energy AE stor with the experimental value of dilution heat AH, it has to be corrected by half the dissoziation energy:
AE^=AH-\D H ,
so that we have experimental value [15, 16] .
Our calculated amount of the storage energy is with respect to the experimental value too small.
